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ABSTRACT
Let M,and N, be modules, we use [M,N]=hom, (M,N), so
[M,N] is an (E,,,E,)—bimodule. Some of the interesting questions are
when the total equals the Jacobson radical, A E,,, V E,, and I(E, ) for
some module M , . In this paper we study the question is when the total equals
the ideal /(E,,). New results obtained include: (1) A projective module P, is
an [, —module if and only if £, = End (P) is an ] — semipotent. (2) A ring

R is a semipotent ring if and only if, endomorphism ring of any projective
module P, is an [ —semipotent. (3) For any projective module P, ;

Tot (E,)=1(E,)if and only if, P is an /;, — module. (4) For any ring R ;
Tot (R) = J(R) if and only if, /M,P] is an [ — semipotent for any projective
module P, and any module M , which equivalent that, 7ot [M,P] = I[M,P]
for any projective module P, and any module A/ ,, which also, equivalent

[M,P] is semipotent for any finitely generated projetive module P, and any
module M ,.

Key Words: (I-) Semipotent Rings, 1, —Rings, I, —modules, The

total, Jacobson radical, (co) singular ideal,
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Introduction.

In this paper rings R are associative with identity unless otherwise
indicated. All modules over a ringR unitary right modules. A
submodule N of a module M is said to be small inM if N+K # M for
any proper submodule K of M ,[4]. A submodule N of a module M is
said to be large (essential) in M if NnK =0 for any nonzero
submodule K of M [4]. If M is an R —module, the radical of M
denoted by J(M) is defined to be the intersection of all maximal

submodules of M . Also,J(M ) coincides with the sum of all small

submodules of M . It my happen that M has no maximal submodules
in which case J(M) =M [8]. Thus, for aring R, J(R) is the Jacobson
radical of R . For a submodule N of a module M , we use N c® Mto
mean that N is a direct summand of M , and we write N <, M and
N << M to indicate that N is a large, respectively small, submodule of
M . If M, is a module, we use the notation E,, = End,(M)and we
write AE,, ={a:a ek, ; Kela)<, M},VE, ={a:acE,; Im(a) <<M}a
nd/(E,)={a:acE,;Im(a)ycJ(M)}. It 1s well known that
AE,,VE,and I(E, )are ideals inE, [4]. If M, and N, are
modules, we use[M,N]=hom, (M,N). Thus[M,N]is an(E,, ,E,)—
bimodule. Our main concern is about the substructures of
hom, (M, N)and the semipotent of hom,(M,N) (see [9]).

The total is a concept that was first introduced by Kasch [2] in
1982. In the study of the total, some of the interesting questions are
when the total equals the Jacobson radical, A E,,, V E,, and I(E,,).
In this paper we study the question is when the total equals the ideal
I(E,,). In section 2, it is proved that, for any two modules M, N,,
[M,N] 1is an [ —semipotent if and only if, for any o € /M,N] \ I/M,N]
there exists y € /[N,M]such that yay =y ¢ I[N,M] . Also, proved
that if ['(M) = {0} (or, I'(NV) = {0} ) then Tot [M,N] = I/M,N] if and
only if, /M,N] is I —semipotent. The main result states that a ring R
is a semipotent ring if and only if, Tot [M,P] = I[M,P] for any module
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M emod —R and any projective module P e mod—R. Basic
properties on / — semipotentness of [M,N] are proved in this section.

(I-) SEMIPOTENT

Recall a ring R is semipotent [5,3] if each one-sided ideal not
contained in J(R)contains a nonzero idempotent. The semipotent

rings generalize as following:

Lemma 2.1. [7, Lemma 19]. The following conditions are
equivalent for an ideal / ofaring R:

()If T & I is aright (resp. left) ideal there exists e* =ee T\ 1.

(2)If a ¢ I there exists e* =ecaR\I (resp. e =ecRa\I).

(3) If a ¢ I there exists x € R such that x =xax ¢ I.

Let R be a ring and [7is an ideal of R, recall R is an
I —semipotent [7], if the conditions in lemma 2.1, are satisfied. If
I =J(R) then R is semipotent if and only if R is / — semipotent.

Corollary 2.2. Let / be an ideal of a ring R. If R is
I — semipotent then J(R) < 1.

Proof. Suppose J(R)z I there exists aeJ(R), ag¢l, so
x=xax¢ I for some x e R. Since x # 0then 0 # (ax)’ =ax e J(R)
this is a contradiction.

Let M, be a module, letting

I:I(EM):{a:aeEM;Im(a)gJ(M)}

It is clear that / = I(E,,) is anideal in £,, and
I(EM):{a:aeEM;,BaeI(EM),forallﬁeEM}
I(EM):{a:aeEM;a,BeI(EM),forallﬁeEM}

Recall a projective module P is an /, —module if, any submodule

A of P, A J(P) contains a nonzero direct summand of P .

Theorem 2.3. [3, Theorem 3.2]. Any projective module over
semipotent ring is an /, —module.
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Theorem 2.4. Let P be a projective module. The following are

equivalent:

(1) P isan /, —module.

(2)Forany a € E,,a ¢ I =I(E,) there exists0 = Bc® P, B Im(a).
(3)Forany a € E,, a¢l, 0+ Im(fa)® P forsome BeE,.
(4)Forany a € E,, agl, 0+ Im(afB)c=® P forsome BeE,.
(5) E, is an [ — semipotent ring.

Proof. We will proceed by showing that(1) = (2) = 3)= 5)= @) = ().

()= (2). Itisclear. 2)= (3). Let a € E, \ I, then Im(a) ¢z J(P)
so there exists 0= K c® P, K < Im(a). Let B be the projection of
P onto K then 0= p>=pecE,and Im(B)< Im(a) therefore
Im(Ba) < Im(B) =K <® P. So (3) holds.

(3)=(5). Let a e E,\I, then 0= Im(Ba)c® P forsome BeE,.
Since Im(pa) is projective then Ker(fa)=® P, by [8Lemma 3.1]
there exists O=uek,, (o) U(Pa) =pa. Thus
0# (upa)’ = uPa e (E,)a by Lemma 2.1 (2), E, is [ — semipotent.

(5)=@4). Letae E,\I, then there exists € FE, such that
B =papel.Since 0 (Ba)’ = (Ba)eE, then 0= Im(af)=® P.

(4)=(1). Let A be a submodule of P, 4¢ J(P) then there
exists a maximal submodule D of P, A ¢ D therefore P = A+ D by
[1, Lemma 2.2] there exists a,f € E,, Im(a)c A, Im(f) < D and
1=a + B furthermore @ ¢ I ,if €I then P=Im(a)+Im(B) cJ(P)+ D= D P
thus P =D this is a contradiction, by our assumption there exists
BeE,, 0=Imap)c® P and Im(af) < Im(a)c A. Thus P is an
I, — module. Our proof is completed.

Theorem 2.5. For any ring R the following conditions are
equivalent:

(1) Ris a semipotent ring.
(2) Each projective module P € mod — R is an I, —module.
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(3)E, is an [— semipotent ring for any projective module
P emod—R,where I =I(E,).
Proof. (I)= (2). By Theorem 2.3. (2) = (3). By Theorem 2.4.
(3) = (1) .Follows
from the fact that R, is a projective module and J(R) =1 =I(R}).
Let M, N, be modules. We put
IIMN] ={ a:a e [MN]; Im(a) = J(N)}
It is clear that
IMN] c{ a:ae[MN]; BacI(E,, ) forall f € [M,N] }
IIM\N] c{ a:a e[MN]; Ba c I(E,) forall f € [M,N] }
Since any small submodule of N contained in J(N) then
V[MN] c I[MN].If J(N)<< N then V/M,N] = I/M.N] . Thus,
I=1(E,)=IIMM]= {a:aecE,;Im(a)cJ(M)}. In particular,
foraring R, I(R)=I/RR] = JJRR] =J(R).
Lemma 2.6. Let M ,, N, be modules. The following conditions

are equivalent:
(DIfa € [M,N] \ I[M,N] , there exists fe[NM];0+ pa=(Ba) €k, ,
pagI(E,).
(Q)Ifa e [MN] \I[M,N] , there exists Be[NM];0+af=(af)’ ckE,,
af ¢ I(E,).
(3)Ifa € [M,N] \ I[M,N] , there exists y € [NM] ; yay =y ¢ I[N.M] .
Proof. Suppose (1) holds. Then 0= Ba=(Ba)’cE, and
Pael(E, )for some fe[NM]. By letting y = faff € [NM] we
have yay =y #0 and y ¢ I[N,M] because fa ¢ I(E,,), giving (3).
Suppose (3) holds. Then0 = ya = (ay)’ € E,, and ya ¢ I(E,,) because
y & I[N,.M] gives (1). Similarly, the equivalence (2) < (3) holds.
We call that /M,N] is I —semipotent if, the conditions in lemma
2.6 are satisfied. If I/M,N] = J[M,N] then [M,N] is semipotent if
and only if /M,N] is I — semipotent.
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Lemma 2.7. Let M ,, N, be modules. If /M,N] is I —semipotent
then J/M,N] < I[M,N] . In particular, if E,, is an [ —semipotent
ring then J(E,,) < I(E,,).

Proof. Let «aeJ/MN]. Suppose that « ¢ I/M,N] there
exists f € [N,M] such that0 = faf = f ¢ I[N,M] . Since a € JIM,N],
then 0 = a 8= (aB)’ € J(E, ) this is a contradiction.

Proposition 2.8. Let M,, N, be modules. If /M,N] is an -
semipotent then the following hold:

(1) I/[M,N] ={ a:ae[MN]; pael(E, ) forall f e [NM] }
(2) I[M,N] ={ a:ae[MN];apel(E,)forall p € [NM] }

Proof. Suppose /M,N] is an [ — semipotent.

(1) It is clear that I/M,Nj<{ a:a e [M,N], pa € I(E,,) forall f € [N,M] }.
Let @ € [M,N] suchthat fa € I(E,,) forall f e [N,M] and Suppose
that @ ¢ I/M,N] then there exists 0 # y € [N,M] , such that
yay =y ¢ I[N M] . Thus, Im(y) < Im(ya) < J(M)so y € I[NM]
this is a contradiction, therefore a € I/M,N] . Proof (2) is analogous.

Let M, be amodule and K =® M , then K < J(M) if and only if
J(K)=KnJ(M) =K . Putting

r(M)={K:Kc® M;J(K)=K }

Not that for any projective module P, ['(P) = {0} In addition to, if
J(M) << M for some module M € mod — R then I'(M) = {O} .

Following [7], Let M ,, N, be modules. The total.

Tot[M,N] :{ a:a e [MN]; [N, M]a containsno nonzeroidempotent}
Tot[M,N] :{ a:a € [M,N]; a [N,M] containsno nonzeroidempotent}

Lemma 2.9. Let M ,, N, be modules then the following hold:

(1) If T(M)={0} then for any ael/MN]; [NM]a and
a [N,M] contains no nonzero idempotents.

Q) T'(N) Z{O} then for any o € I/M,N] ; a [NM] and [NM]
contains no nonzero idempotents.
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Proof. (1). Suppose I'(M)= {0} . Let a e I[M,N] and suppose
there exists £ e /[N,M] such that (fa)’ = pa cE,, then Im(fa)c® M
and Im(fa)c PBJIWN)<JWM) so Im(Ba)el'(M)= {O} and
Im(fa)=0 thus Ba =0. Since Tot [M, N] contains no nonzero
idempotents then « € Tot /[M,N] so «[N,M] contains no nonzero
idempotents. Similarly (2) holds.

Corollary 2.10. The following hold:

(1) Let M, be a module with T(M) ={0} then I/M,N] < Tot [M,N]

forall N e mod —R.

(2) Let N, be a module with T'(N) ={O} then I/M,N] < Tot[M,N] for

all M e mod — R .

In particular, if M, be a module and I'(M)= {0} then
I(E,)cTot(E),).

Proof follows immediately from lemma 2.9.

Theorem 2.11. Let M ,, N, be modules then the following hold:

(1) If T(M) ={0} then Tot [M.N] = I[M,N] if and only if /M,N]
is / — semipotent.

(2) If T(N) ={0} then Tot [M,N] = I/M,N] if and only if /M,N] is
I — semipotent.

In particular, if T'(M) ={0} then Tor [M,M] = I(E,,) if and only if
E,, 1s an [ — semipotent ring.

Proof.(1). Suppose I'(M) = {0} .

(=). Let ae[MN]\I[MN] then «agTot/M,N]. So
0+ (Ba)’ =pack, forsome fe[NM] andBa ¢ I(E,,)because
'm)= {0} . This shows that /M,N] is I — semipotent.

(«<). We have by corollary 2.10(1), I/M,N] < Tot [M,N] . Let
a € Tot [M,N] and supposea ¢ [[M,N]. So, for anyp e [NM],
eitheraff =0 or aff # (af3)°. Hence [M,N] is not [ — semipotent.
Similarly (2) holds.
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Corollary 2.12. Let P be a projective module. The following are

equivalent:

(1) P isan /, —module.

(2) E, is an [ —semipotent ring.
() Tot(E,) =I(E,).

Proof. (1) < (2). By Theorem 2.4. (2) < (3). By Theorem 2.11,
because I'(P) = {0}

Proposition 2.13. Let P be a projective module. The following are
equivalent:

(1) E, is an I — semipotent ring.

(2) /IM,P] is I — semipotent for all module M € mod — R .

Proof. Suppose (1) holds. Let ae/MP]\I/MP] then
Im(a) ¢ J(P) by corollary 2.12, there exists 0z K c® P,
K cIm(a). Let u be the projection of P onto K then
0#u* =ueck, and Im(u)=Im(ua)=K. Since P is projective
there exists pe/PM] such that puaf=pu  therefore
puap = pue [PM]. Since for any xeP, p(x)eP then
Buopu(x) = pu(x) e [PM]  thus  fuefu = pue[PM]  and
0+ pu¢l/PM]. By Lemma 2.6, /[M,P] is I— semipotent, so (2)
holds. Suppose (2) holds. Then [P, P] = E, is I — semipotent.

Theorem 2.14. The following conditions are equivalent for any
ring R:

(1) R is a semipotent ring.
(2) Tot (R)=J(R).
(3)E, is an/-semipotent ring for any projective module

Pemod—-R.

(4) Tot(E,) =I(E,) for any projective module P € mod — R.
(5) [M,P] is I—semipotent for any projective module P € mod — R

and any module M € mod — R .
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(6) Tot [M,P] =I[M ,P] for any projective module P € mod — R and

any module M € mod — R .

(7) E, is a semipotent ring for any finitely generated projective

module P € mod — R.

(8) [M,P] is semipotent for any finitely generated projective module

P € mod — R and any module M € mod — R .

Proof. (1) < (2). By [11, Theorem 2.2]. (1) < (3). By Theorem
2.5. 3)< (4). By Corollary 2.12. (3) < (5). By Proposition 2.13.
(5) < (6). By Theorem 2.11, since for any projective module P,
'(P)={0} and for any module M . (3)= (7). Obvious.(7) = (3).
Since J(P)<<P then Tot(E,)=J(E,)=1(E,). So (3) holds.
(7) < (8). By proposition 2.13, because J(P) << P.

Corollary 2.15. Let Pbe an/, —projective module then for any
module M € mod - R; I[M,P]={ a:a € [M,P];af < I(E, ) forall € [P,M] }.

Proof. Since P is an [/, —projective then by corollary 2.12, E, is
an [/ — semipotent ring and by proposition 2.13, [M,P] is an [ —
semipotent for all M € mod — R . Since r(p) = {0} then by proposition
2.8(2),IIMP] ={a:ae[MP]; afcl(E,) forall fe[PM]}.
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