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ABSTRACT 
Let RM and RN be modules, we use RomhNM =],[ ),( NM , so 

],[ NM  is an −),( NM EE bimodule. Some of the interesting questions are 
when the total equals the Jacobson radical, ME∆ , ME∇ and )( MEI for 
some module RM . In this paper we study the question is when the total equals 
the ideal )( MEI . New results obtained include: (1) A projective module RP is 
an −0I module if and only if )(PEndE RP = is an −I semipotent. (2) A ring 
R is a semipotent ring if and only if, endomorphism ring of any projective 
module RP is an −I semipotent. (3) For any projective module RP ;

)()( PP EIETot = if and only if, P is an −0I module. (4) For any ring R ;
)()( RJRTot = if and only if, [M,P]  is an −I semipotent for any projective 

module RP and any module RM which equivalent that, I[M,P][M,P]Tot =
for any projective module RP and any module RM , which also, equivalent 
[M,P]  is semipotent for any finitely generated projetive module RP and any 
module RM .

Key Words: (I-) Semipotent Rings, −0I Rings, −0I modules, The 
total, Jacobson radical, (co) singular ideal, 
Endomorphism rings, ),( NMomh R .
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Introduction. 
In this paper rings R are associative with identity unless otherwise 

indicated. All modules over a ring R unitary right modules. A 
submodule N of a module M is said to be small in M if MKN ≠+ for 
any proper submodule K of M ,[4]. A submodule N of a module M is 
said to be large (essential) in M if 0≠∩ KN for any nonzero 
submodule K of M [4]. If M is an −R module, the radical of M
denoted by )(MJ is defined to be the intersection of all maximal 
submodules of M . Also, )(MJ coincides with the sum of all small 
submodules of M . It my happen that M has no maximal submodules 
in which case MMJ =)( [8]. Thus, for a ring R , )(RJ is the Jacobson 
radical of R . For a submodule N of a module M , we use MN ⊕⊆ to 
mean that N is a direct summand of M , and we write MN e≤ and 

MN << to indicate that N is a large, respectively small, submodule of 
M . If RM is a module, we use the notation )(MEndE RM = and we 
write })(;:{ MKerEE eMM ≤∈=∆ ααα , })(;:{ MmIEE MM <<∈=∇ ααα a
nd )}()(;:{)( MJmIEEI MM ⊆∈= ααα . It is well known that 

ME∆ , ME∇ and )( MEI are ideals in ME [4]. If RM and RN are 
modules, we use RomhNM =],[ ),( NM . Thus ],[ NM is an −),( NM EE
bimodule. Our main concern is about the substructures of 

),( NMomh R and the semipotent of ),( NMomh R (see [9]). 
The total is a concept that was first introduced by Kasch [2] in 

1982. In the study of the total, some of the interesting questions are 
when the total equals the Jacobson radical, ME∆ , ME∇ and )( MEI .
In this paper we study the question is when the total equals the ideal 

)( MEI . In section 2, it is proved that, for any two modules RM , RN ,
[M,N]  is an −I semipotent if and only if, for any I[M,N][M,N] \∈α
there exists M][N ,∈γ such that M]I[N ,∉= γγαγ . Also, proved 
that if }0{)( =Γ M ( or, }0{)( =Γ N ) then I[M,N][M,N]Tot = if and 
only if, [M,N]  is −I semipotent. The main result states that a ring R
is a semipotent ring if and only if, I[M,P][M,P]Tot = for any module 
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RodmM −∈ and any projective module RodmP −∈ . Basic 
properties on −I semipotentness of [M,N] are proved in this section. 

 
(I-) SEMIPOTENT 

Recall a ring R is semipotent [5,3] if each one-sided ideal not 
contained in )(RJ contains a nonzero idempotent. The semipotent 
rings generalize as following: 

Lemma 2.1. [7, Lemma 19]. The following conditions are 
equivalent for an ideal I of a ring R :

(1) If IT ⊄ is a right (resp. left) ideal there exists ITee \2 ∈= .
(2) If Ia∉ there exists IaRee \2 ∈= (resp. IRaee \2 ∈= ). 
(3) If Ia∉ there exists Rx∈ such that Ixaxx ∉= .
Let R be a ring and I is an ideal of R , recall R is an 
−I semipotent [7], if the conditions in lemma 2.1, are satisfied. If 

)(RJI = then R is semipotent if and only if R is −I semipotent. 
Corollary 2.2. Let I be an ideal of a ring R . If R is 
−I semipotent then IRJ ⊆)( .
Proof. Suppose IRJ ⊄)( there exists )(RJa∈ , Ia∉ , so 

Ixaxx ∉= for some Rx∈ . Since 0≠x then )()(0 2 RJaxax ∈=≠
this is a contradiction.  

Let RM be a module, letting 
{ })()(;:)( MJmIEEII MM ⊆∈== ααα

It is clear that )( MEII = is an ideal in ME and 
{ }MMMM EβEIEEI ∈∈∈= allfor ),(;:)( αβαα
{ }MMMM EβEIEEI ∈∈∈= allfor ),(;:)( βααα

Recall a projective module P is an −0I module if, any submodule 
A of P , )(PJA ⊄ contains a nonzero direct summand of P .

Theorem 2.3. [3, Theorem 3.2]. Any projective module over 
semipotent ring is an −0I module. 
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Theorem 2.4. Let P be a projective module. The following are 
equivalent: 
(1) P is an −0I module. 
(2)For any PE∈α , )( PEII =∉α there exists PB ⊕⊆≠0 , )(αmIB ⊆ .
(3) For any PE∈α , I∉α , PmI ⊕⊆≠ )(0 αβ for some PE∈β .
(4) For any PE∈α , I∉α , PmI ⊕⊆≠ )(0 βα for some PE∈β .
(5) PE is an −I semipotent ring. 

Proof. We will proceed by showing that )1()4()5()3()2()1( ⇒⇒⇒⇒⇒ .
)2()1( ⇒ . It is clear. )3()2( ⇒ . Let IEP \∈α , then )()( PJmI ⊄α

so there exists PK ⊕⊆≠0 , )(αmIK ⊆ . Let β be the projection of 
P onto K then PE∈=≠ ββ 20 and )()( αβ mImI ⊆ therefore 

PKmImI ⊕⊆=⊆ )()( ββα . So (3) holds. 
)5()3( ⇒ . Let IEP \∈α , then PmI ⊕⊆≠ )(0 αβ for some PE∈β .

Since )( αβmI is projective then PKer ⊕⊆)( αβ , by [8Lemma 3.1] 
there exists PE∈≠ µ0 , αβαβµαβ =)()( . Thus 

ααβµαµβ ).()(0 2
PE∈=≠ by Lemma 2.1 (2), PE is −I semipotent. 

 )4()5( ⇒ . Let IEP \∈α , then there exists PE∈β such that 
I∉= βαββ . Since =≠ 2)(0 αβ PE∈)( αβ then PmI ⊕⊆≠ )(0 βα .
)1()4( ⇒ . Let A be a submodule of P , )(PJA ⊄ then there 

exists a maximal submodule D of P , DA⊄ therefore DAP += by 
[1, Lemma 2.2] there exists PE∈βα , , AmI ⊆)(α , DmI ⊆)(β and 

βα +=1 ,furthermore I∉α ,if I∈α then PDDPJmImIP ⊆⊆+⊆+= )()()( βα
thus DP = this is a contradiction, by our assumption there exists 

PE∈β , PmI ⊕⊆≠ )(0 βα and ⊆)( βαmI AmI ⊆)(α . Thus P is an 
−0I module. Our proof is completed. 
Theorem 2.5. For any ring R the following conditions are 

equivalent: 
(1) R is a semipotent ring. 
(2) Each projective module RodmP −∈ is an −0I module. 



H. Hakmi – On (I-) Semipotent [M,N] 

26

(3) PE is an −I semipotent ring for any projective module 
RodmP −∈ , where )( PEII = .

Proof. )2()1( ⇒ . By Theorem 2.3. )3()2( ⇒ . By Theorem 2.4. 
)1()3( ⇒ .Follows 

from the fact that RR is a projective module and )()( RRIIRJ == .
Let RM , RN be modules. We put 

{ })()(;: NJmI[M,N]I[M,N] ⊆∈= ααα
It is clear that 

{ }[M,N]βEI[M,N]I[M,N] M ∈∈∈⊆ allfor )(;: αβαα
{ }[M,N]βEI[M,N]I[M,N] N ∈∈∈⊆ allfor )(;: αβαα

Since any small submodule of N contained in )(NJ then 
⊆∇ [M,N]  I[M,N] . If NNJ <<)( then I[M,N][M,N] =∇ . Thus, 

=== I[M,M]EII M )( )}()(;:{ MJmIEM ⊆∈ ααα . In particular, 
for a ring R , == I[R,R]RI )(  )(RJJ[R,R] = .

Lemma 2.6. Let RM , RN be modules. The following conditions 
are equivalent: 
(1)If I[M,N][M,N] \∈α , there exists ME[N,M] ∈=≠∈ 2)(0; αβαββ ,

)( MEI∉αβ .
(2)If I[M,N][M,N] \∈α , there exists NE[N,M] ∈=≠∈ 2)(0; βαβαβ ,

)( NEI∉αβ .
(3)If I[M,N][M,N] \∈α , there exists [N,M]∈γ ; I[N,M]∉= γγαγ .

Proof. Suppose (1) holds. Then ME∈=≠ 2)(0 αβαβ and 
)( MEI∉αβ for some [N,M]∈β . By letting [N,M]∈= αββγ we 

have 0≠= γγαγ and ],[ MNI∉γ because )( MEI∉αβ , giving (3). 
Suppose (3) holds. Then ME∈=≠ 2)(0 αγγα and )( MEI∉αγ because 

I[N,M]∉γ gives (1). Similarly, the equivalence )3()2( ⇔ holds. 
We call that [M,N]  is −I semipotent if, the conditions in lemma 

2.6 are satisfied. If J[M,N]I[M,N] = then [M,N]  is semipotent if 
and only if [M,N]  is −I semipotent. 
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Lemma 2.7. Let RM , RN be modules. If [M,N]  is −I semipotent 
then J[M,N]  I[M,N]⊆ . In particular, if ME is an −I semipotent 
ring then )()( MM EIEJ ⊆ .

Proof. Let J[M,N]∈α . Suppose that I[M,N]∉α there 
exists [N,M]∈β such that I[N,M]∉=≠ ββαβ0 . Since J[M,N]∈α ,
then )()(0 2

NEJ∈=≠ βαβα this is a contradiction.  
Proposition 2.8. Let RM , RN be modules. If [M,N]  is an −I

semipotent then the following hold: 
(1) { }[N,M]βEI[M,N]I[M,N] M ∈∈∈= allfor )(;: αβαα .
(2) { }[N,M]βEI[M,N]I[M,N] N ∈∈∈= allfor )(;: βααα .

Proof. Suppose [M,N]  is an −I semipotent. 
(1) It is clear that { }[N,M]βEI[M,N]I[M,N] M ∈∈∈⊆ allfor )(;: αβαα .

Let [M,N]∈α such that )( MEI∈αβ for all [N,M]∈β and Suppose 
that ∉α I[M,N]  then there exists [N,M]∈≠ γ0 , such that 

I[N,M]∉= γγαγ . Thus, )()()( MJmImI ⊆⊆ αγγ so I[N,M]∈γ
this is a contradiction, therefore I[M,N]∈α . Proof (2) is analogous. 

Let RM be a module and MK ⊕⊆ , then )(MJK ⊆ if and only if 
KMJKKJ =∩= )()( . Putting  

{ }KKJMKKM =⊆=Γ ⊕ )(;:)(
Not that for any projective module P , { }0)( =Γ P . In addition to, if 

MMJ <<)( for some module RodmM −∈ then { }0)( =Γ M .
Following [7], Let RM , RN be modules. The total. 

{ }idempotent nonzero nocontains;: ααα [N,M][M,N][M,N]Tot ∈=
{ }idempotent nonzero nocontains;: [N,M][M,N][M,N]Tot ααα ∈=

Lemma 2.9. Let RM , RN be modules then the following hold: 
(1) If { }0)( =Γ M then for any I[M,N]∈α ; α[N,M]  and 
[N,M]α contains no nonzero idempotents. 
(2) If { }0)( =Γ N then for any I[M,N]∈α ; [N,M]α and α[N,M]  

contains no nonzero idempotents. 
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Proof. (1). Suppose { }0)( =Γ M . Let I[M,N]∈α and suppose 
there exists [N,M]∈β such that ME∈= αβαβ 2)( then MmI ⊕⊆)( αβ
and ⊆)( αβmI )())(( MJNJ ⊆β so { }0)()( =Γ∈ MmI αβ and 

0)( =αβmI thus 0=αβ . Since Tot [M, N] contains no nonzero 
idempotents then [M,N]Tot∈α so [N,M]α contains no nonzero 
idempotents. Similarly (2) holds. 

Corollary 2.10. The following hold: 
(1) Let RM be a module with { }0)( =Γ M then [M,N]TotI[M,N] ⊆

for all RodmN −∈ .
(2) Let RN be a module with { }0)( =Γ N then Tot[M,N]I[M,N] ⊆ for 

all RodmM −∈ .
In particular, if RM be a module and { }0)( =Γ M then 

)()( MM ETotEI ⊆ .
Proof follows immediately from lemma 2.9. 
Theorem 2.11. Let RM , RN be modules then the following hold: 
(1) If { }0)( =Γ M then I[M,N][M,N]Tot = if and only if [M,N]  

is −I semipotent. 
(2) If { }0)( =Γ N then I[M,N][M,N]Tot = if and only if [M,N]  is 
−I semipotent. 
In particular, if { }0)( =Γ M then )( MEI[M,M]Tot = if and only if 

ME is an −I semipotent ring. 
Proof.(1). Suppose { }0)( =Γ M .

)(⇒ . Let I[M,N][M,N] \∈α then [M,N]Tot∉α . So 
ME∈=≠ αβαβ 2)(0 for some [N,M]∈β and )( MEI∉αβ because 

{ }0)( =Γ M . This shows that [M,N]  is −I semipotent. 
)(⇐ . We have by corollary 2.10(1), [M,N]TotI[M,N] ⊆ . Let 

[M,N]Tot∈α and suppose I[M,N]∉α . So, for any [N,M]∈β ,
either 0=αβ or 2)(αβαβ ≠ . Hence [M,N]  is not −I semipotent. 
Similarly (2) holds.  
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Corollary 2.12. Let P be a projective module. The following are 
equivalent: 
(1) P is an −0I module. 
(2) PE is an −I semipotent ring. 
(3) )()( PP EIETot = .

Proof. )2()1( ⇔ . By Theorem 2.4. )3()2( ⇔ . By Theorem 2.11, 
because { }0)( =Γ P .

Proposition 2.13. Let P be a projective module. The following are 
equivalent: 

(1) PE is an −I semipotent ring. 
(2) [M,P]  is −I semipotent for all module RodmM −∈ .
Proof. Suppose (1) holds. Let I[M,P][M,P] \∈α then 

)()( PJmI ⊄α by corollary 2.12, there exists PK ⊕⊆≠0 , 
)(αmIK ⊆ . Let µ be the projection of P onto K then 

PE∈=≠ µµ 20 and KmImI == )()( µαµ . Since P is projective 
there exists [P,M]∈β such that µµαβ = therefore 

[P,M]∈= βµβµαβ . Since for any Px∈ , Px ∈)(µ then 
[P,M]xx ∈= )()( βµβµαβµ thus [P,M]∈= βµβµαβµ and 

I[P,M]∉≠ βµ0 . By Lemma 2.6, [M,P]  is −I semipotent, so (2) 
holds. Suppose (2) holds. Then PEPP =],[ is −I semipotent. 

Theorem 2.14. The following conditions are equivalent for any 
ring R :
(1) R is a semipotent ring. 
(2) )()( RJRTot = .
(3) PE is an −I semipotent ring for any projective module 

RodmP −∈ .
(4) )()( PP EIETot = for any projective module RodmP −∈ .
(5) [M,P]  is −I semipotent for any projective module RodmP −∈

and any module RodmM −∈ .
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(6) P]I[M[M,P]Tot ,= for any projective module RodmP −∈ and 
any module RodmM −∈ .

(7) PE is a semipotent ring for any finitely generated projective 
module RodmP −∈ .

(8) [M,P]  is semipotent for any finitely generated projective module 
RodmP −∈ and any module RodmM −∈ .

Proof. )2()1( ⇔ . By [11, Theorem 2.2]. )3()1( ⇔ . By Theorem 
2.5. )4()3( ⇔ . By Corollary 2.12. )5()3( ⇔ . By Proposition 2.13. 

)6()5( ⇔ . By Theorem 2.11, since for any projective module P ,
}0{)( =Γ P and for any module M . )7()3( ⇒ . Obvious. )3()7( ⇒ .

Since PPJ <<)( then )()()( PPP EIEJETot == . So (3) holds. 
)8()7( ⇔ . By proposition 2.13, because PPJ <<)( .

Corollary 2.15. Let P be an −0I projective module then for any 
module ∈M Rodm − ; { }[P,M]βEI[M,P]I[M,P] p ∈∈∈= allfor )(;: αβαα .

Proof. Since P is an −0I projective then by corollary 2.12, PE is 
an −I semipotent ring and by proposition 2.13, ],[ PM  is an −I
semipotent for all ∈M Rodm − . Since }0{)( =Γ P then by proposition 
2.8(2), ;:{ [M,P]I[M,P] ∈= αα }allfor )( [P,M]βEI p ∈∈αβ .
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