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ABSTRACT
Let M, and N, be two modules over associative ring R . The object of
this paper is the study of substructures of om (M ,N)such as, radical, the
singular and co-singular ideal and the total. New results obtained include:
(a) For any modules M ,, N, ; [M,N]is regular if and only if, for any
ae[M,N], Im(a) c® N and Ker(a) =® M.
(b) [M,N] is semipotent if and only if, for any o € [M ,N], ¢ & J[M,N]
there exists 3 [N, M ]such that Im(a3) =® N and Ker(aff) =® N.
(¢) For any injective module QR and any projective module P, with F,
semipotent, where E, = End,(P); Tot[Q,P]=J[Q,P]=A[Q,P]=V[0Q,P].
(d) A ring R is semipotent with J(R)is left 7 — nilpotent if and only if,
[M,P] is semipotent which equivalent, [P, M ] is semipotent, for any
projective module P € mod — R, and any module M € mod — R .

Key Words: (I-) Semipotent Rings, /, —Rings, /, —modules, The
total, Jacobson radical, (co) singular ideal,
Endomorphism rings, hom,(M,N).
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1. Introduction
In this paper rings R are associative with identity unless otherwise
indicated. All modules over a ring R unitary right modules.
A submodule N of a module M is said to be small in M if N+K =M
for any proper submodule K of M , [3]. A submodule N of a module
M is said to be large (essential) in M if N nK = {0} for any nonzero

submodule K of M [3]. If M is an R — module, the radical of M denoted
by J(M) is defined to be the intersection of all maximal submodules

of M. Also,J(M) coincides with the sum of all small submodules of

M. 1t my happen that M has no maximal submodules in which
caseJ(M) =M [7]. Thus, for a ring R, J(R) is the Jacobson radical of

R. For a submodule N of a module M, we use N c® Mto mean that
Nis a direct summand of M, and we write N< Mmand N <<M to
indicate that NV is a large, respectively small, submodule of M. If A, is
a module, we use the notation E, =FEnd(M) and we write
AE,, ={a:acE,;Kela)<, M}, VE, ={a:ackE,;Ima)<<M} and
I(E,))={a:acE,;Im(a)cJM)}. Tt is will known that
AE,,VE, and I(E,)are ideals inE, [5]. If M and N, are
modules, we use [M,N]=hom, (M,N). Thus [M,N] is an (E, ,E,)-
bimodule. Our main concern is about the substructures of
hom, (M, N)and the semipotent of hom,(M,N) (see [8]).

The total is a concept that was first introduced by Kasch in 1982. In
the study of the total, some of the interesting questions are when the
total equals the Jacobson radical, A E,,,V E,, and I(E,,). In section
2, it is proved that over quasi-frobenius ring J(E,,)=AE, =VE,,
for any projective module (injective) module M. In section 3, it is
proved that Tot[Q,P]=J[Q,P]=A[Q,P]=V[Q,P] for any injective
module Q and any projective module P with £, is semipotent. And
for any projective module P with E,is semipotent; Tot[M,P]=J[M,P]=
VM, P] for all M e mod — R . Also, proved that R is semipotent with
J(R)is left T —nilpotent if and only if Tot[M,P]=J[M,P] for any
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projective module P € mod — R and any module M € mod — R which
equivalent Tot[P,M]= J[P,M] for any projective module P e mod - R
and any M e mod — R . Basic properties on semipotentness of [M,N]
are proved in section 3.

2. Semipotent Rings

Recall that a ring R is a semipotent ring [8] also, called an /, —ring

by Nicholson [4] and Hakmi [2], if every principal left (resp. right)
ideal not contained in J(R)contains a nonzero idempotent, or

equivalently, for any a € R, a ¢ J(R) there exists 0 # x € R such that

x = xax . Examples of this rings include: (a) Exchange rings (see [5,
Proposition 1.9], a ring R is exchange if for each a € R, there exists

e’ =ee R such that a—ee(a’ —a)R). (b) Endomorphism rings of
injective modules (see [4, Proposition 1.4]). (¢) Endomorphism ring of
regular modules (in the sense Zelmanowitz [9]), (see [2, Corollary
3.6)).

proposition 2.1.Let M beamoduleand f€E,,:

(1) If M is injective and f € V(E,,) then f e A(E,,).

(2)If M s projective and E,, is semipotent, then if feA(E,)
follows that f e V(E,,).

Proof. (1). Suppose that M is injective then by [4, Proposition
14], J(E,)=A,). LetfeV(E,) and supposef ¢J(E,),
since E,, is semipotent then ¢ = ¢ f¢@ for some 0=¢pe E,, , thus
a= f¢ is a nonzero idempotent of E,,. Since Im(a) < Im(f) then
Im(a) << M , therefore Im(a)=Im(a)NIm(l-a)=0 thus a =0
this is a contradiction. Hence f € J(E,,) = AE,, .

(2) Suppose that M is projective and E,, semipotent then by [2,
Proposition 3.3], J(E,,)=VE, . Let feA(E, )and suppose
feJ(E,), thenu=pufu forsome 0+ ek, therefore g =puf is
a nonzero idempotent of E,, and Ker(f) < Ker(g)- Since f € A(E,,)
and Ker(f)nKer(l—g)=0 implies Ker(1—g)=0. Since 1—g is an
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idempotent in E,, and M =Im(g)® Im(l1-g)=Im(l—g) we have
Im(g)=0,thus g =0 this is a contradiction. Hence feJ(E, )=VE,,.

From Proposition 2.1, we derive the following:

Corollary 2.2. Let M be a module:

(1) If M i1sinjective then VE,, c AE,, =J(E,,).

(2) If M is projective and FE, is semipotent then
AE, cVE, =J(E,)-

A ring R is called quasi-frobenius [3] if, every projective (injective)
module is injective (projective).

Corollary 2.3. For any projective (injective) module M over a
quasi-frobenius ring J(E,,) =AE,, =VE,, and E,, is a semipotent ring.

Proof follows immediately from the fact that endomorphism ring
of any injective module is semipotent and corollary 2.2.

3. Semipotent [M,N]

Following [8], let M, N, are modules and [AM,N]=hom,(M,N),
then [M,N] is an (E,,,E, ) —bimodule.

*  The Jacobson radical.

JIM,N1={a:a e[M,N]; fa € J(E,,) forall B €[N, M}

JIM,N1={a:ae[M,N];ap e J(E,) forall f e[N,M]}

Thus JIM,M]=J(E,,). Inparticular J[R,R]=J(R).

*  The singular ideal.

AM,N1={a:a e[M,N]; Ker(a) <, M}

*  The co-singular ideal.

VIM,N1={a:a e[M,N]; Im(a) << N}

e The total.
Tot{M,N] = {a :a€[M,N];[N,M]a containsno nonzeroidempotent}
Tot{M,N] = {a :a€[M,N];a[N,M] containsno nonzeroidempotent}
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Lemma 3.1. [8, Lemma 2.1]. Let M,, N, be modules. The

following conditions are equivalent:
(1) If ae[M,N]\J[M,N]there existsf e[N,M]such that

0+ Ba=(pa)’ €E,, .

2) If ae[M,N]\J[M,N] there existsffe[N,M]such that
0zap=(ap)’ €E,.

3) If ae[M,N]\J[M,N] there exists y €[N,M] such that
yay =y & J[N,M].

Following [8], Recall that [M, N]is semipotent if, the conditions in
lemma 3.1 are satisfied. And recalled o e[M,N] is regular if
a=afa for some fe[N,M]. [M,N] is called regular if each
a €[M,N] is regular. Thus [M,M] is regular if and only if E,, is
regular ring.

Lemma 3.2. a €[M,Nlis regular if and only if Im(a) =® N and
Ker(a)c® M .

Proof.(=). Supposea €[M,N] is regular then o =afa for
some B e[N,M]. Thus (Ba)’ =packE, andKer(fa)=Ker(a)
therefore Ker(a) =® M . On the other hand, (af)’ =afBecE, and
Im(afB) = Im(a) therefore Im(a) =® N .

(<) .Since Im(a) =® N then there exists B’ : Im(a) — M such
that a(f'(x)) =x for all x € Im(a), thus a(f'a(y)) =a(y) for all

yeM. ButIm(a)c® Nso we can extend3'to e[N,M]by
taking =0 on the complementary summand. Then for any ye M,

afa(y)=a(y),thus d =afa.

Corollary 3.3. [M, N]is regular if and only if for eacha € [M, N],
Im(a)c® N andKer(a)=® M .
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Corollary 3.4. Let P be a projective module. For any module M
the following conditions are equivalent:

(1) [M, P] is regular.

(2) Forany o €[M,P], Im(a)<=® P.

Proof. (1)= (2). Follows from corollary 3.3. (2)=(1). Let
ae[M,P] then Im(a)c® P, since P is projective then

Ker(a) =® P again by corollary 3.3, [M, N] is regular.

Proposition 3.5. Let M,, N, be modules. The following are
equivalent:

(1) [M,N] is semipotent.

2) If ae[M,N]\J[M,N] there exists 0+ £ €[N, M ]such that
Im(aff) =® N and Ker(aff)=® N .

3) If ae[M,N]\J[M,N] there exists 0= £ €[N,M]such that
Im(af) =® M and Ker(aff) =® M .

Proof. Suppose (1) holds. Then 0# af =(af)’ € E, for some
0% B e[N,M] thus Im(aff) =® Nand Ker(aff) =® N . Suppose (2)
holds. Then Im(af)c® N and Ker(eff)c® N for some
0+ pe[N,M] by [7, Lemma 3.1] there exists yeE, such
that @)y (af) = af . Thus fy €[N, M]and0 # a(By) = (@(7))’
€E, and by lemma 3.1 [M,N] is semipotent. Similarly, the
equivalence (1) < (3) holds.

Corollary 3.6. Let P be a projective module. For any module M
the following condition are equivalent:

(1) [M, P] is semipotent.

(2) For any a € [M,P]\J[M, P] there exists 0 # f €[P,M] such
that Im(af) <® P.

Proof. (1) = (2) follows immediately from proposition 3.5.
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2)=(1). Let a e[M,P]\J[M,P] then there exist 0= ge[P,M]
such that Im(af) =® Psince P is projective then Ker(aff) c® P by
proposition 3.5 follows that [M, P] is semipotent.

Proposition 3.7. Let O be an injective module and P be a projective
module. Then:
(1) [Q,M] is semipotent for any R —module M .

(2) If E, is semipotent then [M,P] is semipotent for any
R —module M .
Proof. (1) Let ae[Q,M], aeJO,M] then there -exists

B e[M,0] such that fa ¢ J(E,). Since E, is a semipotent ring
then ¢ =ppagp for some 0£¢pe E,. Thus 0+ (pfacE, is an
idempotent and ¢S €[M,Q] by lemma 3.1, [M, Q] is semipotent.

(2) Suppose that £, is a semipotent ring. Let o € [M,P]\J[M, P]
then there existsffe[P,M] such that oaf ¢ J(E,) therefore

u=puap)u for some 0=pe E,. Thus OzafpuecE, is an
idempotent and S €[P,M] by lemma 3.1, [M, P] is semipotent.

Lemma 3.8.Let M,, N, be modules. If [M, N] is semipotent then:

(1) AIM,N]c J[M,N].

(2) VIM,N]c JIM,N].

Proof. Suppose that [M, N] is semipotent.

(1) Let a e AlJM,N] then Ker(a)<, M . Suppose that « ¢ J[M,N]
then there exists # €[N,M] such that 0# Sa =(Ba)’ €E,,. Since
Ker(a) c Ker(Ba)then Ker(a) nIm(Sa) < Ker(fa) N Im(Ba)=0.
ThusIm(fa)=0 and La =0 this is a contradiction. Hence
aeJM,N].

(2) Let o € VIM,N] then Im(a) << N . Suppose that o ¢ J[M,N]
then there exists B €[N,M] such that 0 Ba =(Ba)’ € E,, . Since
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Im(a) << N then Im(fa) << M and Im(fa)c Im(fo)NKen(fa)=0,
thus S« = 0 this is a contradict-ion. Hence € J[M, N].

Beidar and Kasch in [1] studied conditions on module P, which
imply that Tot/M,P] =V [M,P] = J[M,P] for all M € mod—-R and
they showed that these equalities holds if P 1is semiperfect and
projective, the following theorem shows that these equalities hold if
P is projective and E, is semipotent.

Theorem 3.9. Let P be a projective module with £, is a semipotent
ring. Then for any module M ,

AIM,P]c VIM,P]=Tot[M,P]=J[M,P]

In particular, AE, cVE, =Tot(E,)=J(E,).

Proof. Since E, is a semipotent ring then by proposition 3.7
[M,P] is semipotent and by[8, Theorem 2.2], Tot/M,P] = J/M,P] .
Let ¢ eV /MP] then Im(a)<< P therefore Im(af)<<P for
allpe/PM], since J(E,)=VE, by corollary 2.2, follows
afeJ(E,)thus € J [MP],ie.V[M,P]=J[M,P].

Let a € J/M,P] then for any fe/PM], affe J(E,) therefore
Im(af) << P. Suppose that Im(a) not small in P then by [2,
Theorem 3.5] there exists 0= N <® P and N c Im(a). Let u be
the projection of P onto N then 0=’ =u. €E,. Since
Im(u)c Im(a) then Im(uoa)=Im(H)=N, no N is projective
therefore Ker(ua)c® P and by lemma 3.2, follows that
Ua € [M,P] is regular, thus there exists y e [P,M] such that
(ua)y(fo) = i therefore  0# (uay)’ = payekE,. Since
aeJ[MP] then Im(ay)<<P and Im(uay)<<P thus
Haye J(E,) which contradiction that J(E,) contains no nonzero
idempotent, therefore Im(«) << P. This proves J[M,P]=V[M,P].
AM,Plc JIM,P] follows from lemma 3.8.
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Lemma 3.10. Let QO be an injective module. Then for any module M
VIO,M] < A[O,M ] =Tot[Q,M]=J[Q,M]

Proof. Beidar and Kasch in [1] showed that if Q is injective then
A[Q,M]= Tot[Q,M]=J[Q,M]. On the other hand, since Q is
injective we have by proposition 3.7, [Q,M]is semipotent and by
lemma 3.8, V[Q,M ] c J[Q,M].

Note that, by corollary 2.3; Tot(E,,)=J(E,,) =AE,, =VE,, for
any injective (projective) module over a quasi-frobenius ring. The
following Theorem generalize this fact.

Theorem 3.11. Let O be an injective module and P be a projective
module with £, is a semipotent ring. Then

VIQ, P = A[Q, P] = Tot[Q, P] = J[O, P]

Proof. By theorem 3.9, we have A[Q,P]<V][Q,P]=Tot[Q,P]=J[O,P]
and by lemma 3.10, we have V[Q,P]c A[Q,P]=Tot[Q,P]=J[O,P].
Thus V[Q,P]= A[Q,P]=Tot[Q,P]=J[O,P].

Recall a projective module Pis an /, —module [2] if, for every
submodule X of P, K ¢ J(P) contains a nonzero direct summand of P .

Theorem 3.12. For any ring R the following conditions are

equivalent:

(1) R is a semipotent ring and J(R) is left T —nilpotent.

(2) Any projective module Pemod—R is an [, — module and
J(P)<<P.

(3) E, is a semipotent ring for any projective module P € mod—R .

(4) [M,P] is semipotent for any projective module P € mod— R and
any module M € mod—R .

(5) Tot[M,P]=J[M,P] for any projective module P € mod— R and
any module M € mod—R .
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(6) Tot[P,N]=J[P,N] for any projective module P € mod— R and
any module N € mod—R.

(7) [P,N] 1s semipotent for any projective module P € mod— R and
any module N € mod—R.

Proof. (1) < (2) & (3) by [2, Theorem 3.8], (see also [8, Theorem
4.10] for (1) < (3)). (3) = (4) by proposition 3.7(2). (4) = (3) take
M = P for any projective module P e mod—R. (4) < (5). By [8,
Theorem 2.2]. (3) < (6). By [8, Theorem 4.5(2)]. (6) < (7). By [8,
theorem 2.2].

Remark. In [1] Bediar and Kasch showed that if O, is an injective
module then Tot[Q,N]=J[Q,N] for all N e mod—R, so by [8,
Theorem 2.2], [Q,N] is semipotent. In particular, if R is self
injective then R 1s a semipotent ring, (see also [6, Theorem 1.3]).
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