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EXAMPLE 94

Determine the vertical displacement of joint C of the steel truss shown
in Fig. 9-8a. The cross-sectional area of each member is A =400 nun
and E = 200 GPa

F E
\ 101
Aj S Aﬁ?
T —om—f—iom 10 m'—-l
4(N) : 4 (N
(a

Solution

Virtual Forces n.  Only a verticall KNload is placed at joint C, and
the force in each member is calculated using the method of joints. The
results are shown in Fig. 9-8b. Positive numbers indicate tensile forces
and negative numbers indicate compressive forces.

—0.333

0333

Al
™
s

Real Forces N.  The real forces in the members are calculated using
the method of joints. The results are shown in Fig. 9-8c.

Virtual-Work Equarion.  Arranging the datain tabular form,we have

Member n (KIN) N (KN) L(m) =aNL (kNZ.m)

September 26, 2020 Structural Analysis Prof. M. Samara
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virtual forcesn
Forces in IN
(b)

0.667
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Virtwal-Work Equation.  Arranging the data in tabular form, we have

Member n (IJ) N (KN) L{m) nNL (lcNﬁn)

AB 033 4 10 13.33
BC 0667 4 10 2667
D 0667 4 10 2667
DE —0943  —566 14.14 7542
FE -0333 -4 10 13.33
EB ~0.471 0 14.14 0
BF 033 4 10 1333
AF ~0471  -566 14.14 3771
CE 1 4 10 40

24647

- - A, = S BNL _ 647 (Nm)

AE AE

substituting the numerical values for A and E, we have

A, = 3mm

real forces N
Forces in kN

(©

lig. 9-8
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Member L{m)  FukN) Fig Fio FaFigl(kNm)  F.F,psL(kN m)

AE 57 -84-9 -0-94 0 +451-4 o
AB 40 +60:0  +067 +10 +160-8 +240-0
— EF 4-0 -60-0 =067 0 +160-8 0
EB 40 +20:0  +0-67 0 +53:6 0
BF 57 -28:3  +047 0 -752 0
BC 4-0 +80-0 +0-33 +1-0 +105-6 +320-0
CcD 40 +80-0 +0-33 +10 +1056 +320:0
CF 4-0 +100-0 0 0 0 0
DF 57 =113-1 -0-47 0 +301-0 0
Z=+12636 L= +880-0
ity ol Jeall ga 210 Jaad) il glosay
6
155'=_12_63'2‘_L = 8p,=3-51 mm
— " 200000 x 1800
Be = 880 x 10° - 8y, = 2-44 mm
Dh= T !
200000 x 1800
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(a)
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Determine the displacement of point B of the steel beam shown in
Fig. 9-13a. Take E = 200 GPa, I = 500(10°) mm*.

1kN

m=—1x ( 1|—

virtual unit force |'— —|

Prof. M. Samara
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EXAMPLE [94 WLV

Solution

4 12 kN/m Virtual Moment m.  The vertical displacement of point B is obtained
ST TR AT by placing a virtual unit load of 1 kN at B, Fig. 9-13b. By inspection
there are no discontinuities of loading on the beam for both the real
P and virtual loads. Thus, a single x coordinate can be used to determine

R the virtual strain energy. This coordinate will be selected with its origin
at B, since then the reactions at A do not have to be determined in

12x order to find the internal moments m and M. Using the method of
f*_%j{____ sections, the internal moment m is formulated as shown in Fig. 9-135.

10m

Real Moment M. Using the same x coordinate, the internal moment M
is formulated as shown in Fig. 9-13c.

‘M=—612|(l

real load

Virtual-Work Equation. The vertical displacement of B is thus

¢ L 10 1x)(—6x%) dx
© v [y [PCCOD L
Fig. 9-13 o EI [] EI
15(10°) kN? - m*

1kN-Ag = i

ar
15(10°) kN - m®
~ 200(10°) kN/m?(500(10°) mm®) (102 m*/mm*)
= 0.150m = 150 mm Ans.

Ap

September 26, 2020 Structural Analysis Prof. M. Samara 29

Determine the tangential rotation at point A of the steel beam shown
in Fig. 9-14a. Take E = 200 GPa, I = 60(10°) mm*.
6 kN/m
1kN'm
A TEEEE——— B A ————— O
I 3m ’ |—\—-|
| 3m {
@ 1kNm
| ) ==
(=) [
Yy
7 virtual unit couple
Fig. 9-14 (b)
September 26, 2020 Structural Analysis Prof. M. Samara 30
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moment rm, is formulated as shown in Fig. 9-145.
Real Moment M. Using the same x coordinate, the internal moment M
is formulated as shown in Fig. 9-14c.

Virtual-Work Equation. The tangential rotation at A is thus

'7144 3m

L
_ myM
(1kN-m) BA—£ I dx ‘
T @=x

F
-¥1
' Er E

3
= TEI/.; *dx
6.75

~ 200(10°) KkN/m2(60(10°) mm*)(10" 2 m*/mm?)

_ f(‘”(ﬁ)m

i

EXAMPLE |95 NPTy
Solution
Virtual Moment my. The tangential rotation of point A is obtained
by placing a virtual unit couple of 1 kN -m at A, Fig. 9-14b. A single
x coordinate can be used to determine the virtual strain energy. This
coordinate will be selected with its origin at A, in order to find the
internal moments m, and M. Using the method of sections, the internal

or

8,4 = 0.000563 rad Ans.

September 26, 2020 Structural Analysis Prof. M. Samara

EXAMPLE 98

Determine the horizontal displacement of point C on the frame shown
inFig.9-17a. Take E = 200 GPa and/ = 250x10 mm*
for both members.

sm-—
_g“ﬁ—_’"’ = —— -tcr_
[ l___‘. ——T,
A2
B :
>
——
4 KN/m [
[ 10m
4
T —>3
4
X
ok

(a)

Fig. 9-17

September 26, 2020 Structural Analysis Prof. M. Samara
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3D QU (Continued)

Solution

Virtual Moments m. For convenience, the coordinates x; and x, in
Fig. 9-17a will be used. A horizontal unit load is applied at C, |==
Fig. 9-17b. Why? The support reactions and internal virtual moments

are computed as shown.

n 1 KN
—

1.25 KN
- —>1 KN

|{ §m ?

1.25 kN

ny

my = 1x, 10m

x1 virtual loadings

33

-
(34
n

e

[
'

2

TR ontinuec)———

M2 = 2SX2 _
N

| sm |

Sm

‘ _I_ real loadings

()

25 KN

September 26, 2020 Structural Analysis Prof. M. Samara 34
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Real Mements M. In a similar manner the support reactions and
real moments are computed as shown in Fig. 9—17c.
Virtual-Work Equation. Using the data in Fig. 9-17b and 9-17¢, we
have
- LM e = 10 (1x,)(40x, — 243) dxy . ®(1.25x2)(25x,) do

& 4 BT El

_ 83333 4 53333 13 666.7 IN.m?
- EI EI EI
September 26, 2020 Structural Analysis Prof. M. Samara 35

EXAMPLE 99

Fig. 9-18a. Take E = 200 GPa, T = 15(10°) mm*.

1kN-m
SKN S
) T
x 1kN-m
\'1\(
my = —1
m
1kN
" virtual loads
1KN'm  1N-m
—
T T
X X2
. 2 L ¥y
. my, =1
@) .
Fig. 9-18 —

(®)

Prof.M. Samara

Determine the tangential rotation at point C of the frame shown in

18
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EXAMP LE |99 NRRtpee
SkN
7
jl SEN Solution
x Virtual Moments my. The coordinates x; and x, shown in Fig. 9-18a
V‘Z // 300 will be used. A unit couple moment is applied at C and the internal
R moments my are calculated, Fig. 9-18b.
7 N
1.5m:

Real Moments M. In a similar manner, the real moments M are

Sk calculated as shown in Fig. 9-18¢c.
SkN
Virtual-Work Equation. Using the data in Fig. 9-18b and 9-18¢, we
have
SkN SkN L . 2(1Y(7.5) d
75kN-m 75kN-m 18 = M (Z1)(=2.3%) dx + j Q)(@3) dx,
s - b EI o EI o EI
4y 1125 15  2625kN-m?
2 fo=—"m+ = =220
EI '~ EI EI
Ny
- or
. 2625 kN -m?
sealicacs €~ 200(10%) kKN/m[15(10°) mm*](10? m*/mm*)
© = 0.00875 rad Ans.
September 26, 2020 Structural Analysis Prof. M. Samara 37

4 saall 368l e Aaalill (Arad o) dudal yi8Y) o gdiil) 48Ua
Virtual Strain Energy Caused by Axial load

ot L LSy b ) sae (5 8 Y il Y] jealic g
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oalll e daalill (Arar oll) dudal 38Y) o gl A3l
Virtual Strain Energy Caused by Shear
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dy = K(V/GA) dx. sl b gl (iK) yay gaily
VoA sl il B 58 4y o 85 o) udal 38D Jandl 2an)
oo ) dy e Lllan) oL Lalal) yeaiadl e diudaall
A A8l Adsal) 5 g8l)

dU, = vdy = v (KV/GA) dx.
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_ L (w
Us = L K(EZ) dx (9-21)
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ALl dpn (Bl K= 1.2
Ay il Al qBG K = 10/9
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Ol 50 dalra 1 5 ol i g 30 Jalze G = E/[2(1 +p)]
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EXAMPLE [910

Determine the horizontal displacement of point C on the frame shown
in Fig.9-22a.Take E = 200 GPa ,G =80 GPa, I = 250x10°mm?
and A = 52x10mm’ for both members.

The cross-sectional area is rectangular. Include the internal strain
energy due to axial load and shear.

4 KN/m i

(a)

September 26, 2020 Structural Analysis
Fig. 9-22

Prof. M. Samara 42
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0 QBRI L (Continued)
Solution
Here we must apply a horizontal unit load at C. The necessary free-
body diagrams for the real and virtual loadings are shown in Fig. 9-22b
and 9-22c.
-
m =1 11N sz
FIZI . 251N
23 ——8m
- 1KY —
| 8 mi V
1.25 kN 25 1N
M=
e W Ok,
| Vi=40— 4111
T RSl kY 5'm
I |
11N 1 TN e 40 1N - J_
40 kKN
125kN 125N 25 1N 25 kN
virtual loadings real loadings
() ©
September 26, 2020 Structural Analysis Prof. M. Samara 43

ETEIRACTY continusa)

Bending. The virtual strain energy due to bending has been deter-
mined in Example 9-8. There it was shown that

L 2
mM 13 666.7 KN m?
= dx= =07 -
U | EI X I 0.273 KN.m

Axial load. From the data in Fig. 9-22b and 9-22¢, we have

nNL
Us= 2 74F

1.25x25x10 1x0x8§
+

- -3 6 - -3 6
52x10 x200x10 52x10 x200x10

-4
26, 2020 = 03x ]-Qtrulmmlysis Prof. M. Samara 44
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ETXEIRICTE (contiuca)

Shear.  Applying Eq. 9-21 with K = 1.2 for rectangular cross
sections, and using the shear functions shown in Fig. 9-22b and 9-22¢,
we have

L
oV
U, = Kl— |d
: ﬁ (GA)x

101 2(1)(40 — 4x,) dx, $1.2(—1.25)(—25) dx,
l GA = £ GA

540 KN“m 540 0135107
_ _ 0l
G4 80x10x52x10°

Applying the equation of virtual work, we have
LEN- A, = (273+0.03+0.13) x 107 KN .m

-3
A, =273.16x10 m Ans.

Including the effects of shear and axial load contributed only a 0.06%
. i . f. M.. .
SeifempHERSRse in the answe1‘?’5%‘5%?”3’5&111‘11]133%}'14)? F16in bending.

45

L
f g1(x)g2(z)dx
0

g2(x)

g1(x) “I/—L/lb

c I/;L"’l d La,(2c+d)-6|;-Lb(c+2d)

September 26, 2020 Structural Analysis Prof. M. Samara
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Jlia

A il 8 a8 Juy) s

50 kN
A B C

I——Zm-—t-q--zm-l- -I'
E =200 X 105 kN/m?

5™ 1-200x 108 mm?
D
100 kN-m
50 kN
September 26, 2020 Structural Analysis Prof. M. Samara 47
50 kN 50 kN 100
A le c A £l
- B [ 100
2m—tt—2 m > 1 i
I"'_ " Bl
-100
g EI _500=
Solution 5m < 500
EI
Real Load
D D
\‘ z I, 100 kN-m *“ i : 100 kN-m
50kN ' 50kN
A C
1kN - < TkN =
Virtual Load
/-4—-1 kN
N
September 26, 2020 5 kNSmctural Analysis Prof. M. Samara 5 kN-m 48
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5% (—100)(2 X 0 +5) + 5 x (—100)(0 + 2 X 5)

1xA,=0+ X El
_ 1250
AT El
AA _ —100X0+ —500)(2.5 _ -1250
El El El
= —1250 —
_ 200(10°)x200x10° -0.031m
September 26, 2020 Structural Analysis Prof. M. Samara 49
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ol Sl sl JEY) ) 7m

ol 2.2 KN Leis of Lale a5l

a2 ) adaiall Lputigll ailadl)

7y (sd ol
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S —
[ R T iE
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Real Moment Function M{x): As shown on figure(a),

Virtual Moment Functions mg(x): As shown on figure(b).

20.0 k] 40-0kN 20 kN

KT RE00 K
M(x)=20-0X § /
300k z i I

i ‘-r-): {
7 T M je200X
x [

X
2m

3m |
()

O-}B?éfi'j_ a.41667 k¥

1 i
Mytx)=i-0332x} /

025 fol 5 }
———
> — '

1.0 Kdm 1 5'245 i J

Y

dm i dm |
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Lm,M nNL
1-9=J' el b
o Ef AE

im
lkN-m-S'AxElII (1-0.3333x)(20.0x) dx
4]

4 (—0.41667)(50.0}(5)
AE

_30.0kN.m! 104.167kN
A Ei AE
30.0( 1000) 104. 167 ( 1000)

~ 200( 10%)[ 77 ¢0.1) (0.33)}_[§(0.021)]{200( 10%)]

=-0.991(107) rad =0.991(107*) rad Ans
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