PRINCIPAL AXES AND PRINCIPAL SECOND

MOMENTS OF AREA

In‘ any beam sectlon
jthere is a set of axes,
1 neither of which need
necessarlly be an axis
of symmetry, for which
the product second
‘moment of area is
{ zero. Such axes are
known' as prmczpal Z<

axes- “and the second
maments of area about
zthese axes are termed |
“principal © second”
moments of area.




Suppose ~ that the second
moments of area Iz 1y and
the product second -moment -

of area, Izy, about arbitrary
faxes Ozy are -known. By
definition-

= j 2° dA A 5 |
1Zy = I y sz \ - /

,-"-The correspondlng second moments of area.
about axes Oz,y, are”
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'QF j ' dA - |

zlyl _j. Y1 Z dA
From F|g
Z;=2C0S @ +ysm ¢
| _y ycosqo zsm 7
|, = (zcos¢+ ysm ¢) dA

I = [ 22 cos ¢ dA+jy sin ¢ dA+2jy zsm¢ces¢ dA
A

l,, =1, cos ¢+I sin®¢ +1, S|n2¢ (1)
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Similarly, we find

l,,=1,c08’¢ +1,sin*¢ —1,sin2¢  (2)

|, —1
Izlylz( 22 yjs~;in2¢ +1,c082¢ (3)_

Equations (1, 2 &3) give the second moments of area and
product second moment of area about axes inclined at an
angle @ to the z axis. In-the special case where Oz,y,are
- principal axes, o) 1) =0, ¢ = @,and Eqgs. (1) and (2)
become - : - 7

. 2 - 2 -
|, =1,c08" ¢, +1,sIN"¢p, +1,sIn2¢, (4) |
. 2 = 2 - |
l,,=1,c08"¢, +1,sin"9, —1,sin2¢, (5)
Since Ly = Ly =0, Eq. (3) gives |
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| — 1
O:( 22 y]sin2¢IO +1,,€082¢, = e

tan 2¢, = 2y | (6)
" |, -1,

The angle @, may be eliminated from Eqgs (4) and (5) by
first determ/n/ng cos 2¢, and sin 2¢, using Eq. (6). We
ha ve from trigonometry ( doub/e—ang/e formulas) -

: sma~cosa=%sm 2¢c,- COS a=5(1+C08205)

Sinzazl(l—COSZOl), sin2a = tan o6
g 2 - \/1+tan 20
.CoS 2 = L
A1+ tan? 2&
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" Thus

tan2¢, 21, /(1,—1,) l,,
SiN2¢, =
J1+tan? 26, \/1+4| (1, - 1.)° \/[(ly—lz)/2]2+|§y
COS 2 = L - (Iy_IZ)/Z

Jrtani2a A2 0, 1) (1, - 1) 12F + 12

Rewriting Eq. (5) in terms of cos 2@, and sin 2¢, we have

= Z(1+cosz¢)+|—y(1 cos2¢,) —1,,5In2¢,

Substltutmg for -cos2¢, ana’ sinZg,~. from the above we
obtain |+ | |

l,, = ; y —E\/(IZ—Iy)2+4I22y

- |, + 1
Similarly 1 = 22 y+%\/(IZ—Iy)Z+4I22y
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Note that the solution .of Eq. (6) glves two values for the
|ncI|nat|on of the principal axes, P, - and gop + 7z/2
correspond/ng to the axes Oz and pr



Determine the product of inertia of the
right triangle shown:(a) with respect
to'the xand y axesand (b) with

| respect to centrOIdaI axes paraIIeI to’ the

I xand yaxes

Y ;___.-_-_j'x.y.dA"

~h

MOMENTS OF INERTIA OF COMPOSITE: AREAS

Y

dA ydx

dA=(b- x).h dx

X=X, Y= %_:(b _ X)'z_b

-

1, = [xyda- [ op - | b (b-x)dx




MOMENTS OF INERTIA OF COMPOSITE AREAS

~ b , ri?-' L |
h 2 2 X_,4 3 J __ yI

W T 2 & 3

p’h?| = A | |\

Ly = |X1V1+( )>< X XY, = leyl = IXY (A)xXG xY, = |, I h/3\

D’ h2 (b h bj ( h) SS——b—
X| == [X| ==}~

|

Jr=Gnayati=rialia



MOMENTS OF INERTIA OF COMPOSITE: AREAS
ne product of inertia-of the e

Determine t
Quarter circ

e shown-(a) with respect

tothe xanc

y axes and (b) with

| respect to centr0|dal axes paraIIeI to- t'he :

1 xand yaxes. IX ydA

dA—ydx

y =r’—x° :>y(r —x)05
dA__(r —x) ax-

X=X, Y= ;/ =
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MOMENTS OF INERTIérOF COM\EQSITEQ\ REAS
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MOMENTS OF INERTIA OF COMPOSITE AREAS

For the plane area shown, determrne | 20mmm
(a)-the location of the centr0|d —
(b) The moment of inertia abeut X & y (( ) Somm
e aX|S = 80 Inm R
(O The moment of inertia about the > | .
G0 mm _a
centr0|dal axis. = P
y ] | i ) y
9 -l—rl='_.5—1ﬁ mimn
__L-E]I m.t.u r, = 60 mm — Y ry =ﬁl] mim =T
I" .HI“« ra=40mm [~ - 0 + . A .\'u _ II_,r"' i
\ > s < Lm 105.46 mm qf:m LI
| 4 o A * | -
Eﬂ;nm F_.--" l|_ _803X120 ‘—-F—T x L x - )
- _ X L 60 mm, _
I =512x10*mm* 5:’5 or) | _axrt
- 7120° <80 B :120 XGO—zgg 10'mm | =142.56x10'mm* 4
7_| /= - _, Caert e |=200.96
T, =152 x10'mme [T = 2280 7o agemme| =g 7 5088810 MM g0y
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| MOMENTS OF INERTIA OF COMPOSITE AREAS

4
N 25.46 mm

120mm ry =60 mm

= G0 mm ry = 40 mm

3
.-“. 4y = 40 mm — + - —|— W .,./-.--_ g “xll — /t
I ] .4 T 105.46 mm I"‘g__

|

80 i — S0 mm — 80 mm
40 mm l ]‘ J,

x X = _ X

0 mm 0 mm

-3 mm

Seg "-:—'--:Ai X; Y; A; ')_(i'; ALy | A I, A.x? | Alle_ - Ly | AiXiYi

X103 X103 | X104 | x10% | x10% [~ x10% | X10% | x10¢
ol mm?2 [ mm | mm | mm3 | mm3 {mm? | mm? mm4| mm* | mm4 | mm?
Rect | 9600 | 60 | 40 [576 | 384-| 512 | 1152 | 3456 | 1536 [0 | 2304

triang | 3600 | 40 | -200] 144 | 72 | 72 | 288 [s756 | 1447] 72 | -288

Semi- | 5652°| 60 | 105.5 | 339.1 ['596.3 | 142.6 | 508.7 °| 2034.7 | 62908 | 0 | 35777

)

circle -f-. - 60 | 80| - A &1 - - [
| 5024 > | 301.4 | 401.9-{200.9 | 200.9 | 1808:6-| 32154 | 7} 24115
X | 13828 | 757.7 | 506.4 | 525.7 | 1747.8 | 4258.1 | 4755.4 | 72 | 3182.2

o S o 3
X ZZAxXi:j57.7><10 _5agmm Y _XAXY,_ 506.4x10

: . =36.6mm
SOXA - 1388 % EA 1388




_ MOMENTS OF INERTIA OF COMPOSITE AREAS

-I-J"]_
120mm o _=}'5'1ﬁ T = 60 mm
_pnEtmme e mm A ry =40 mm
N ora=40mm = [ —I— —|— r S — A
' 40 mm \ )
50 mm S— — 80 m:m 105.46 mm 480 mm
40 mm l ]‘
¥ x ‘—-h— X T

20 mm B0 mm &0 mm

Seg Ai Xi Yi A . X —A . yi IXV_'_.- Iy Ai.XiZ _ -Al.ylz ----IXY Ai.Xi.
e x103] X103 x10* [ x104 x10* A ~~x10%_|" X10* [ x10*
Fmm2 | mm [ mm | mm?® | mm3 [ mm* | mm* | mm4- ] mm* | mm* | mm*

Rect | 9600 | 60 | 40 |-576 | 384/| 512 | 1152 | 3456 | 1536 | "0~ | 2304

triang | 3600 | 40 | -204| 144 | <72 | 72 | 288 |v576 | 144 {72 | -288

Semi- | 5652°-{ 60 165.5 339.17]°596.3 | 142.6 508.7_ | 2034.7 6290.8 | 0 | 35777

circle |/~ 60 | 80} - B A - ¥ - A 0 |n&T
125024 5] 3014 | 401.9/°200.9 | 20009~ | 1808.6 3215.4 124115
5/~ | 13828 “% | 757.7 | 506:4-| 525.7 1747.8 4258.1 | 4755.4 | 72| 3182.2

Z|X+ZA xyl =525. 7><104+4755 4x10° —5281 1x10*mm*
l, —Z|y+ZA><X =1747. 8><104+4258 1x10* = 6005.9x10‘mm?* |
=Yy + DA XX XY — 7210 +3182.2x10* = 3254.2 x10*mm*



MOMENTS OF INERTIA OF COMPOSITE AREAS

ZAxX 7577><10?_;5'4;8mm ZAxyl “506.4x10°

!j' ; a
120 mm h

L

Dbk =36.6mm
ZA 13828___’_;':'_'_» ) G > A 13828

/ " f:;'“m > _Z|X+ZAxy =525, 7><104+4755 4><104—5281 1><104mm
T | | - 40 mm

g

|
T S0 {nm Gx'b—"’

I, —Zly—+ZA ><x —1747 8><1O4 +11258 1x10* = 6005. 9><104mm
> x1

G inm fﬂ..-“"f

54.8

36.6 Ly =Xy + 3 A x XXy, = 72x10° + 3182. 2><104-—3254 2><104mm

_|' : = la+(ZAXYZ = Ta=1 —(ZA)XY2—5281 1><104 (13828 )x (~36. 6)25'43428.75x1c__)_‘f_m'rfn4

=1y HEANXE=2Tn= --—(ZA)xXZ--—BOOS 9x10* - (13828 )x (~54.8)° =1853. 3x10’4-'rﬁ}n4
o, Txm+(zA)6<x XY, :;leyl—l —-(ZA)XX xY, = 3254, 2><~104 (13828 ) (- 366) (-54.8)

- -

I an = =480.75 «10*mm*

MJUJ.AS\ JJ\AAS\ u.ud:uj\
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MOMENTS OF INERTIA.OF COMPOSITE AREAS

A 3 ALY 3
v X, ZAxX 757.7x00% oy o ZAxyl_506.4><10

_ = =36.6mm
~ XA 13828.- X >A~ 13828 N

Gomm L =X 1+X A 3 yf = 525.7%10* + 47554 x10* = 5281 .1x 10° mmt -
0 mm l, =31, + 5 A xx =1747 8x10* + 4258.1x10* = 6005 9x10“mm*
oo Ly =Xl ZAxxxy, =72x10° +3182.2 X101 723254, 240" mm

I, = Lo+ (ZA)XYE = Ta=1, —(ZA)x Y =5281.1x10° — (13828 )x{(~36.6) =3428.75x10"mm*

l, = la+(ZA)x X2 :>|y1_| —(ZA)xXZ 6005.9x10°" — (13828")'( 54.8)2=1353'.-3f>'<104mm4

| =Txly1+(zA)xx XY = Ty <1, ~(ZA)x X xY, =3254.2x10° - (13828)% (- 36.6)x (- 54.8)

NG | Tyt = 480. 75x104mm '

tan2¢ “2lan - 2(480:75x10°)
ly—la (1853:3—-3428.75)x10%

TlCOS P, +Iyls|n P, —leyls|n2¢ — 3563. 8><104mm
y1COS” @, +lx1sm &, +Ix1yls|n2¢ _1718 2x10*mm"

=061= #,=-15.7 deg-_r'fée

. _'“—;'Ll 1\/(|x1—|y1) TR ={8563 8x10* , 1718. OxlO“}mm
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MOMENTS OF INERTIA OF COMPOSITE AREAS

Determlne the momentﬂef

inertia of the beam’s:cross- ;.;;;_J’

sectlonal area about the x & y

Moy

.-‘_"- ~

zmzAxy, = 766.07 x10" + 4501 8 10" —526787x104mm
l, _z|y+zAxx _250809><104+0 250809><10“mm

i i _...f’Ar - X A .y;
O ~x103
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MOMENTS OF INERTIA OF COMPOSITE-AREAS

Two 20 -mm steel plates are weldedtoa =
rolled IPE 300 section as shown: Determlne
the moments of inertia and the radii of -
| gyration of the combined section with

| respect to the centroidal x-and y axes.

| —ZH+ZAXM
N —Z|y+ZAxX =1969. 14><104+o 1969. 14 x10* mm*

=8377.3x10* +16384 ><1O4 =9761.3x10*mm’

Y

S0 mm

\

- =

50 mm

A

S
<
<

300mm

C =

0 mm

|
_\_5'

IPE300 @

- P
HA,5380mm

X

I,=8356x10*mm?*

| 1,=603.8x10*mm?

Pas / I _ \/9761 310" \/1969.1><10 e = —©
o va vV oumo O 11780 - - %
Seg A ) 68 . AL X Ay, Ix. | IO --A-i'xiz A; V. g
X103 | x1040f x10% <} x10° _x104
|7 mm?2 mm |~ ~Ammd | o mm* | mm®* | mm# mm?
1| 3200 | o[ ~of 512 |.1067 | 68267 0 . 8192
oY 5380 | 0 o /{8356 | 603.8 0. 0
| [ 3200 {70 - 5127 | 1067 | 68267 | 0 8192
3 11780 | N <00 | 8377.3| 1969.14 | 0 16384
S




MOMENT OF INERTIA OF A MASS & e
Consider a small mass Am mounted on a rOd of- negllglble

mass which can rotate freely about an aX|s AAIf a couple -
Is applied to the system, the rod andmass, assumed to be
-initially at rest, will start rotatlng about AA’ 5

- The time requwed for the system to reach a given speed of
rotation is proportlonal to the mass Am and to the square
of the distance r. "

The product r? 2 Am p prowdes therefore,
| @ measure of the /nertia of the system,
li.e., a measure of the resistance the

system offers when we try to set it in
motion.

For this reason, “the product r2Am is

| called the moment of inertia of the mass
A m withaespect to the axis A4"




1- MOMENT OF INERTIA OF A MASS . S

"
\_‘ ~

Con51der now a body, af mass m WhICh IS to be ro‘tated

about an axis AA. DWICIIng the bedy mto\elements of massf 3
Xml, A n2, etc./we find that the body’s resistance to -

,_;—;belng rotated s, measured by the sum (rl)sz m, + (r2)2
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MOMENTS OF INERTIA OF THIN-PLATES

Consider a thin plate of uniform thlckness t whlch is made
of a°homogeneous material of density p- (den5|ty mass -
per unit volume). The mass moment Of inertia of the plate

| with respect to an axis A4 COnta/ned in the plane of the

Pid ¥ / AA,mass _I réam < i

Slnce a’m = p L dA, we write %

/AAmass pt-“erA

But rrepresents the distance of the eIement
of area dA to the axis A4 theiintegralis .- Al
therefore equal to the moment of |nert|a of -~

the area of the plate W|th respect te AA. We
have

_

/AA mass pt /AA area



MOMENTS OF INERTIA OF THIN-PLATES

Similarly, for an axis 88" which is contalned in the plane of
the pIate and is perpendlcular to: AA’ we have

/BB mass pt /BB area

1 Con5|der1ng now the axis CC” WhICh is
perpendicular to the plate and passes through- *
thepoint of intersection Cof. AA and BB’ we
wrlte

/ CC’mass — pt JC area A o
where. Jis the. po/ar moment of |nert|a of the
area, of the plate w1th respect to pomt C

/ CC’mass — / AA mass +/ BB’ mass



MOMENTS OF INERTIA OF THIN PLATES

Rectangular Plate. .
Theé mass moments: of inertia -~

__WIth respect to axes through the _

} center of gravity of the platé:

| /AA’,mass — pt /AA’,area = pt (a3 b/12)
/BB mass pt /BB’,area = pt (b3 a/12)

""fp abt =

[ pmass = Ma* /12 N
/BB’,mass =m b2 /12

/CC’mass — /AA’mass +/BB’mass =m [(a2 + b2 )/12]

-



MOMENTS OF INERTIA OF THIN PLATES'

Clrcular Plate. %

The mass moments of |nert|a 2

with respect to axes through the center of
|} gravity of the plate:

f asimass = Pt /AA’,area pt (T[ r4 /4) ;
p mTrét= Qe o~

| /AA',mass - /BB',maSS= mre/4 o

/CC’,mass — /AA’,mass +/BB’,mass =mr /2



