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Analytical methods used to estimate site response
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We presented in previous lecture the empirical methods to estimate site
response and in this lecture we focus on the analytical methods for
estimating site response.

The methods used to estimate site response analytically are divided
into:

1. Linear approach

2. Equivalent linear approach

3. Non-linear approach
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One-dimensional ground response analysis
2l dgala) by ghad) A duda ¥ dlaciay) Jalas

Surficial layers

The most simple analysis of ground motion is done in one-dimensional
space with assumption is that all the boundaries are horizontal and the

response of soil deposit is predominantly caused by SH-waves propagating
vertically from underlying bedrock.
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Ground response nomenclature
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Free surface motion

Ao

Rock Rock
outcropping outcropping
motion motion
— T e
Bedrock Bedrock
motion outcropping

motion

Motion at the surface of a soil deposit is called free surface motion
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Motion at the base of the soil deposit is called bedrock motion
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Motion at a location where bedrock is exposed is called outcropping motion
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Transfer function with linear system
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Input Motion

Input Motion

Transfer function is a derived equation that allows the evaluation from input
motion (at the base) to the output motion (in the mass).

Main assumptions: G, ¢ (shear-modulus and damping ratio which called
dynamic properties) DO NOT CHANGE with Y (shear-strain)
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Transfer function with linear system
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Transfer Functions - TF

TF=|F(w)| - Function of frequency of the loading.
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Bedrock Site Response Ground motion

If we multiply the ground motion at the bedrock by the transfer function of the
medium we obtain the ground motion at the surface. It is noted that this process

is done in the frequency domain.
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One-dimensional site response analysis-linear approach
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We will study four main cases related to the analysis of 1-D site
response using linear approach as follows
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Case I: Homogeneous undamped soil on rigid rock
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Case ll: Homogeneous damped soil on rigid rock
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Case lll: Homogeneous damped soil on elastic rock
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Case VI : layered damped soil on elastic rock
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Case I: Homogeneous undamped soil on rigid rock
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Let’s consider a uniform layer of isotropic, linear elastic soil overlaying rigid rock.
Harmonic horizontal motion of bedrock will produce vertically propagating shear
waves in overlaying soil. The displacement is this case can be expressed as:

ikz —ikz
u(z,t) = ZA(e +2e je‘w = 2Acos(kz)e™

Where k=w/v,is the wavenumber
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Case I: Homogeneous undamped soil on rigid rock
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Transfer function The value of transfer function is the

dasadll adla amplification ratio between surface and
” bedrock.
F () = Une (0,1) __2Acos(0)e™ As wH /v, approaches 7/2+n7 the
U,..(H,t) 2Acos(kH)e™ dominator approaches zero, which imply
1 1 that infinite amplification or resonance
| F(o) |- will occur.

cos(kH) B cos(wH /v,)

The current model illustrates that the
response of soil is dependent on the
frequency, thickness and S-wave velocity.
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Case ll: Homogeneous damped soil on rigid rock
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Transfer function

Site amplification factor differs according to

damping ratio.
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The greatest amplification factor
approximately occurs at the lowest natural
frequency, know\p as the fundamental
T S

frequency @, = oH
The period of vibration corresponding to
the natural frequency is called

27 4H

characteristic site period T, ===
@, V
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Case lll: Homogeneous damped soil on elastic rock
G4 Aea (3ed LalAnll 408 4, 5 Adla SASIEY Al

g

B, 3 Soll Ps
.

fI g A Rock G,

Z, )

In the rigid model, the waves are perfectly reflected by the rock. In
this case, there are reflected and transferred waves. In addition, the
presence of damping will imply complex stiffness.
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Case lll: Homogeneous damped soil on elastic rock
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Transfer function
1 1
| F(a)) |: * - * - * — * - * - *
cos(k,H) +(ia, sin(k,H) cos(wH /v,)+(ia, sin(wH /v)

K= w % Complex wave number (sic . g0 22
G*

V* = \/G* /p Complex shear wave velocity sl JSAIL duad G‘J‘i dc
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V. shear wave velocity of soil (saiall Jilly & 5l il z) sl de

* £
Vsr shear wave velocity of rock sl JSEIL ) saall (adll #) gal e ju

G = G(1+ 2i§) Complex shear modulus (saiall Jll (aill Jalzs
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Case lll: Homogeneous damped soil on elastic rock
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If it is assumed a damping ratio ¢ =0, the transfer function can be expressed as
AN A8l o satll Al e yamad 4 jia Al <l 2aladll A ol L ja 13

1

| F (@) [ —— —
\/cos k.H +ca; sin“ k.H

Impedance ratio = 0.0

Fol 4

kH

Resonance cannot occur (dominator is always greater than zero). The stiffer
bedrock means that greater amplification may occur.
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Case VI : layered damped soil on elastic rock
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While the homogenous elastic layer models or previous models are useful
for illustration of the influence of soil conditions on several ground motion
characteristics, they are seldom suitable for analysis of practical ground
response problems.

Real ground response problems usually involve soil deposits from layers of
different stiffness and damping characteristics with boundaries at which
elastic wave energy will be reflected and transmitted. Such conditions
require the development of transfer functions for layered soil deposits.
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Case VI : layered damped soil on elastic rock
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Consider a soil deposit consisting on N
horizontal layers where the Nth layer is the
bedrock. Assuming that the soil to have
the shearing characteristics of Kelvin-Voigt
solid model.
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Total resistance of shearing deformation by
Kelvin-Voigt is given by the sum of an elastic
(spring) component and a viscous (dashpot)

component. T = O, is the shear stress,
y = Oly is the shear strain,
0z

U= Eg is the viscosity of material.
@
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Case VI : layered damped soil on elastic rock
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Following the stress strain relationship for a Kelvin-Voigt solid in shear can be expressed as
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T=Gy+n— (1)

The one dimensional equation of motion for vertically propagating SH-waves can be
written as follow
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dt 0z

Substituting equation (1) into (2) with 7 =0, ,and 7 = ou 57 »and differentiating the right side
allows the wave equation to be written as
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Case VI : layered damped soil on elastic rock
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The solution of the wave equation can be expressed as follow
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U(Z,t) = Aei(wt+k*z) + Bei(wt_k*z) (4)

where A and B represent the amplitudes of waves travelling in the —z (upward) and +z
(downward) directions, respectively. The shear stress is then given by the product of the

complex shear modulus G* and shear strain as
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r(z,t)=G*Z—‘:=(G+iwn)g—‘:=e(1+2ig)g—‘2‘ (5)

Introducing a local coordinate system, Z, for each layer, the displacement at the top and

bottom of layer m will be
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u(Z, =0,t) = (A, +B,)e" (6)
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Case VI : layered damped soil on elastic rock
G Aea 598 alanll 408 d8udata Ay 5 Al sdag) 1) A

Displacements at layer boundaries must be compatible (i,e., the displacement at the top of
a particular layer must be equal to the displacement at the bottom of layer). Applying the
compatibility requirement to the boundary between layer m and layer m+1, that is,
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um (Zm = hm’t) = um+1(Z = O’t) (8)

m+1

Ania + By = A" + Be T (9)

The shear stresses at the top and bottom of layer m are
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Case VI : layered damped soil on elastic rock
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Since stresses must be continuous at layer boundaries
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Adding (9) and (13) and subtracting (13) from (9) gives the following equations
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Case VI : layered damped soil on elastic rock
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From previous equation a; is the impedance ratio at the boundary between
layers m and m+1
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a*_ kam — pm(Vs)m (16)
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I(m+1cam+1 /Om+1 (Vs )m+1

At the ground surface, the shear stress must equal to zero, which require from
equation (10) that A,=B, If the recursion formulas of equations (14) and (15) are

applied repeatedly for all layers from 1 to m, function relating the amplitudes in
layer m to those in layer 1 can be expressed by
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Case VI : layered damped soil on elastic rock
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Finally, the transfer function relating the displacement amplitude at layer i to
that at layer j is given by the equation
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A8MNally Jans

|y | _ a (w) + b ()

(19)
luj | (@) +b(w)

Fij (w) =

Because |Ui|= w|l|= ®*|u| for harmonic motion, so equation (19) also
describes the amplification of accelerations and velocities from layer i to layer
j.
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Advantages and disadvantages of linear approach
Zg.hss\ :\-PF-‘” (g gleall 9 (pslaall
Advantages
- Fast
- Direct solution
- Good for very soil/rock and very small ground motions
Disadvantages
- Does not account for soil nonlinearity (soil dynamic properties
do not change with strain)
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